Introduction {#Sec1}
============

The physics of discrete symmetries in particle and nuclear physics has always been a fascinating subject, since the observation of CP violation in the neutral kaon system \[[@CR1]\], which was a clear experimental surprise and set the scene for subsequent precision tests of such discrete symmetries in other systems, including entangled neutral meson factories. Today CP violation in the *K* and $\documentclass[12pt]{minimal}
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                \begin{document}$$B_d$$\end{document}$ systems, as well as T violation with entangled $\documentclass[12pt]{minimal}
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                \begin{document}$$B_d$$\end{document}$'s \[[@CR2]\], have been demonstrated experimentally to great accuracy. However, their combination CPT remains unbroken. This is believed to be due to one of the crucial theorems of modern physics, ensuring CPT Invariance of quantum field theory models that are Lorentz invariant, local (in their interactions) and unitary (that is, they conserve probability) \[[@CR3]\]. This is basically a theorem of flat space-time. Quantum gravity or in general deviations from any of the three assumptions may lead to (independent) violations of CPT, which, if observed in nature, would undoubtedly constitute an indication of completely novel physics. Having mentioned quantum gravity, it is worth recalling a corollary by Wald \[[@CR4]\], according to which a potential decoherence induced during observations in local scattering experiments in which the experimenter has no access to microscopic quantum gravity degrees of freedom, may lead to an effectively ill-defined CPT quantum mechanical operator. This observation prompted the authors of \[[@CR5]\] to introduce a different observable for this kind of decoherence-induced CPT violation, termed $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$-effect. The $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$-effect is different from the situation where CPT violation is violated in the effective Hamiltonian, parameterized by the complex $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta $$\end{document}$ parameter. Among other possible sources, $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta $$\end{document}$ can be due to, e.g., Lorentz violation \[[@CR6], [@CR7]\] as a result of propagation in some Lorentz violating space-time (or otherwise) backgrounds. In the latter case the quantum mechanical operator that implements CPT symmetry is well defined but simply does not commute with the Hamiltonian. The $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$-effect, if observed, points to an observation of a phenomenon that is exclusively linked to ill-defined nature of the CPT operator, which to date is theoretically linked only to fundamental decoherence \[[@CR4]\], independently of any violation of CPT in the Hamiltonian.

Recently, a study for separate direct evidence of T, CP, CPT symmetry violation was accomplished \[[@CR8]\]. It was based on the precise identification of genuine asymmetry parameters in the time evolution of intensities between the two decays in a B-Factory of entangled neutral $\documentclass[12pt]{minimal}
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                \begin{document}$$B_d$$\end{document}$-meson states. Their values were obtained from the BaBar measurements \[[@CR2]\] of the different flavour-CP eigenstate decay channels. The concept, put forward in \[[@CR9], [@CR10]\], uses the entangled character of the initial state as the crucial ingredient to (i) connect experimental double decay rates with specific meson transition probabilities and (ii) identify the transformed transition to that taken as a reference \[[@CR11], [@CR12]\]. Possible fake effects \[[@CR8]\] were demonstrated to be well under control by measurements in the same experiment. The methodology, discussed in \[[@CR9], [@CR10]\], appears to be \[[@CR13]\] crucially dependent on the assumed maximal entanglement between $\documentclass[12pt]{minimal}
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                \begin{document}$$\bar{B}^0_d$$\end{document}$, or between two orthogonal superpositions of them, as given by the Einstein--Podolsky--Rosen (EPR) correlation \[[@CR14]\] imposed by their decay from the $\documentclass[12pt]{minimal}
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                \begin{document}$$\varUpsilon (4S)$$\end{document}$-state with $\documentclass[12pt]{minimal}
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                \begin{document}$$C = -$$\end{document}$. The corresponding antisymmetric state of the system has two important implications: (i) the program of using entanglement and the decays as filtering measurements to prepare and detect the meson states can be implemented at any time for the first decay, even in the presence of mixing during the previous entangled evolution; (ii) the coefficients of the different time-dependent terms in the double decay rate intensities for the time-ordered decays to (*g*, *f*) are related to those for the time-ordered decays to (*f*, *g*). The antisymmetry of the entangled state is kept for any two independent states of the neutral mesons, so its evolution leads to a trivial time dependence with definite symmetry under the combined exchange $\documentclass[12pt]{minimal}
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                \begin{document}$$(f,t_0; g,t_0+t)\rightarrow (g,t_0-t;f,t_0)$$\end{document}$. As a consequence, the double decay rate intensity (see Eq. [14](#Equ14){ref-type=""} below) satisfies for the coefficients of its time dependence with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega =0$$\end{document}$,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathscr {C}_{h}[f,g]= & {} \mathscr {C}_{h}[{g},{f}],\quad \mathscr {C}_{c}[{f},{g}] =\mathscr {C}_{c}[g,f]\nonumber \\&\quad \text {and}\quad \mathscr {S}_{c}[f,g]=-\mathscr {S}_{c}[g,f], \end{aligned}$$\end{document}$$where the time-ordered decays (*f*, *g*) and (*g*, *f*) are, in general, not connected by any symmetry transformation. At this level, they can be considered as two different experimental ways of measuring the same quantity when $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega =0$$\end{document}$.

In the application to definite flavour or CP eigenstates decay products, the preparation by maximal entanglement of the initial state of a single neutral meson is usually referred to as "flavour tagging" $\documentclass[12pt]{minimal}
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                \begin{document}$$\bar{B}^0_d$$\end{document}$, or "CP tagging" $\documentclass[12pt]{minimal}
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                \begin{document}$$B_-$$\end{document}$. The underlying assumption considers $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B^0_d$$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}$$\bar{B}^0_d$$\end{document}$ as two states of the same field, in order to impose Bose statistics with charge conjugation C and permutation $\documentclass[12pt]{minimal}
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                \begin{document}$$= +$$\end{document}$, and it may be invalidated if the CPT operator cannot be intrinsically well defined, as mentioned above. This latter circumstance may occur, for example, in the context of an extended class of quantum-gravity models, where the structure of quantum space-time at Planckian scales ($\documentclass[12pt]{minimal}
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                \begin{document}$$10^{-35}$$\end{document}$ m) may actually be fuzzy, characterized by a "foamy" nature (space-time foam) \[[@CR5], [@CR15], [@CR16]\]. Let us emphasize once more that this kind of CPT breaking is different from an explicit CPT violation in the Hamiltonian dynamics such that \[CPT, H\] $\documentclass[12pt]{minimal}
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                \begin{document}$$\ne 0$$\end{document}$, as conventionally introduced, in the context of the Weisskopf--Wigner approach \[[@CR17]--[@CR19]\] for the neutral meson system, in the mass matrix. This last CPT violation does not invalidate the analysis followed in \[[@CR8]\] and, in fact, genuine observables for CPT violation were found with their values obtained from experiment. However, the CPT breaking associated to "ill-defined" particle--antiparticle states modifies the EPR correlation, producing the aforementioned $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$-effect \[[@CR5], [@CR20], [@CR21]\]. Treating it in perturbation theory, in such a way that we still talk the language of $\documentclass[12pt]{minimal}
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                \begin{document}$$\bar{B}^0_d$$\end{document}$, the perturbed two-particle state will contain a component of the "wrong" symmetry at the instant of their production by the decay of $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} |\varPsi _0\rangle \propto |B^0_d\rangle |\bar{B}^0_d\rangle -|\bar{B}^0_d\rangle |B^0_d\rangle +\omega [|B^0_d\rangle |\bar{B}^0_d\rangle +|\bar{B}^0_d\rangle |B^0_d\rangle ],\nonumber \\ \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega = |\omega | \mathrm{e}^{i\varOmega }$$\end{document}$ is a complex CPT-breaking parameter \[[@CR5], [@CR20]\], associated with the non-identical particle nature of the neutral meson and antimeson states. The presence of an $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$-effect weakens the entanglement of the initial state ([2](#Equ2){ref-type=""}), as follows from the fact that when $\documentclass[12pt]{minimal}
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We emphasize that the modification in Eq. ([2](#Equ2){ref-type=""}) is due to the loss of indistinguishability of $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$. This modification of the initial state vector has far-reaching consequences for the concept of meson tagging and for the relation of the time-dependent intensities between the decays to time-ordered (*f*, *g*) and (*g*, *f*) channel.[1](#Fn1){ref-type="fn"}

In what follows we will study the non-trivial time evolution of Eq. ([2](#Equ2){ref-type=""}), in the simplified but physically relevant case of a time-independent $\documentclass[12pt]{minimal}
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                \begin{document}$$|\bar{B}^0_d\rangle |\bar{B}^0_d\rangle $$\end{document}$, and (ii) introduce a set of observables, which actually serve as a direct way for measuring $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$, based on the violation of the relations of Eq. ([1](#Equ1){ref-type=""}), i.e. using as observables for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega \ne 0$$\end{document}$:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\mathscr {C}_{h}^\omega [f,g]-\mathscr {C}_{h}^\omega [g,f],\quad \mathscr {C}_{c}^\omega [f,g] -\mathscr {C}_{c}^\omega [g,f]\nonumber \\&\quad \quad \text {and}\quad \mathscr {S}_{c}^\omega [f,g]+\mathscr {S}_{c}^\omega [g,f], \end{aligned}$$\end{document}$$and checking experimentally the robustness of the correlation between the two states assumed during the tagging. This paper demonstrates that the comparison between the double decay rate Intensities for time-ordered ($\documentclass[12pt]{minimal}
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Time evolution {#Sec2}
==============

Double decay rates, time-dependent intensities {#Sec3}
----------------------------------------------

The eigenstates of the effective Hamiltonian $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta =\frac{\mathbf {H}_{22}-\mathbf {H}_{11}}{\mu _H-\mu _L}$$\end{document}$. The time evolution of two-meson flavour states is$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} |B^0_d(t)\rangle =\mathrm{e}^{-i\mathbf {H}t}\,|B^0_d\rangle ,\quad |\bar{B}^0_d(t)\rangle =\mathrm{e}^{-i\mathbf {H}t}\,|\bar{B}^0_d\rangle . \end{aligned}$$\end{document}$$The $\documentclass[12pt]{minimal}
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Experimental observables {#Sec5}
------------------------
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Before we present our numerical results it is important to summarize the assumptions we have made in our analysis. In the $\documentclass[12pt]{minimal}
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The other two processes in Fig. [5](#Fig5){ref-type="fig"}b, c, are also expected to be very small; this can be seen, for example, for the absorptive part of Fig. [5](#Fig5){ref-type="fig"}b, by scaling the analog calculation in \[[@CR25]\] to the $\documentclass[12pt]{minimal}
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Conclusions {#Sec7}
===========

In the present article we have discussed the possibility of probing the entanglement-weakening CPT violating parameter $\documentclass[12pt]{minimal}
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As we have demonstrated in the present article the set of observables of the B system ([26](#Equ26){ref-type=""}), ([27](#Equ27){ref-type=""}), ([28](#Equ28){ref-type=""}) and ([29](#Equ29){ref-type=""}) allow for a simultaneous determination (bounds) of the CPT violating parameters $\documentclass[12pt]{minimal}
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Moreover, the parameters that measure the presence of wrong flavour decays in $\documentclass[12pt]{minimal}
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Equation ([14](#Equ14){ref-type=""}) gives the intensity *I*(*f*, *g*; *t*) expanded up to linear order in $\documentclass[12pt]{minimal}
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